In t h i s p a p e r we have t e s t e d some n o n -s t a n d a r d numeric cal methods t o i n t e g r a t e t h e two-body p r o b l e m . The i n t e g r at i o n h a s been performed w i t h B e t t i s m e t h o d s , a s y m p l e c t i c a l g o r i t h m and s p e c i a l s p h e r i c a l l y e x a c t scheme. The r e s u l t s have been compared w i t h t h o s e o b t a i n e d w i t h t r a d i t i o n a l i nt e g r a t o r s .
INTRODUCTION
The problem of c h o o s i n g a s u i t a b l e i n t e g r a t o r from v a r i o u s n u m e r i c a l methods i s q u i t e a d i f f i c u l t t a s k because t h e i r e f f i c i e n c y depends s t r o n g l y on t h e dynamical n a t u r e of a p a r t i c u l a r dynamical system and t h e r e q u i r e d a c c u r a c y .
In 1989 K i n o s h i t a and Nakai ( [ 7 ] ) p u b l i s h e d It he r e s u l t s of a q u e s t i o n n a i r e t h e y sent t o members of IAU Comission 7 ( C e l e s t i a l M e c h a n i c s ) t o check what kind of i n t e g r a t o r s t h e y u s e . The a n s w e r s show t h a t c l a s s i c a l methods such a s l i n e a r m u l t i s t e p a l g o r i t h m s : Adams-Bashforth, Adams-Moulton, Stormer, C o w e l l , . . . o r Runge-Kutta m e t h o d s a r e w i d e s p r e a d . Other using t h e i d e a of T a y l o r s e r i e s o r s i m i l a r o n e s a r e a l s o p o p u l a r .
Although much e f f o r t h a s been made i n t h e l a s t 20 y e a r s t o d e v e l o p more e f f i c i e n t s p e c i a l a l g o r i t h m s t o be used in C e l e s t i a l Mechanics p r o b l e m s , t h e a f o r e m e n t i o n e d e n q u i r y shows t h a t many of t h e s p e c i a l c o d e s a r e not much known and t h e i r u s e i s not e x t e n d e d . methods have some advantages from t h e point of view of t h e i r usage. Almost a l l of them are implemented in popular s o f tware packages e a s i l y a v a i l a b l e and ready to u s e . Besides, t h e i r m e r i t s and demerits have been much discussed and can be found in many textbooks. On t h e other hand, in most cases, special algorithms must be implement by t h e u s e r . This i s not so easy if we t a k e into account t h a t often t h e papers in which these methods appear do not give t h e i r e x p l i c i t form. Perhaps t h a t could be t h e reason why they have so l i t t l e diffusion and a r e scarcely applied.
Nevertheless, we a r e of t h e opinion t h a t special a l g orithms t h a t can be used with l e s s effort do e x i s t . In t h i s work we have chosen a few special methods and compared t h e r e s u l t s when applied to t h e two-body problem. This,we think, can c o n t r i b u t e to shedding some l i g h t on t h e problem of c r it e r i a for s e l e c t i o n of i n t e g r a t o r s .
Besides t h e special algorithms, we have used c l a s s i c a l f i n i t e difference methods, more p r e c i s e l y a p r e d i c t o r -c o r r e ct o r scheme where t h e p r e d i e t o r s are e x p l i c i t Adams-Bashforth and t h e c o r r e c t o r s i m p l i c i t Adams-Moulton. Among t h e t r a d it i o n a l i n t e g r a t o r s t h e Adams schemes are reputed to be highl y e f f i c i e n t and much documentation e x i s t s on t h e subject. The selected special methods are symplectic i n t e g r a t o r s , Bettis algorithms and s p h e r i c a l l y exact methods.
Symplectic or canonical i n t e g r a t o r s a r e numerical i n t eg r a t i o n schemes for Hamiltonian systems, which conserve t h e symplectic 2-form exactly; a s a consequence, t h e numerical s o l u t i o n s have a property of a r e a -p r e s e r v i n g . Another import a n t property i s t h a t they do not have a secular term in t h e d i s c r e t i z a t i o n e r r o r of t h e energy i n t e g r a l . Recently some symplectic i n t e g r a t o r s have been developed ( [ 8 ] , [ 1 2 ] ) , and also i t has been proved ( [12] ) t h a t some Runge-Kutta schemesGauss-Legendre, for instance -a r e canonical. Many works on the subject a r e appearing l a t e l y , some of them by C e l e s t i a l Mechanics a u t h o r s . The symplectic i n t e g r a t o r s t e s t e d in t h i s paper have some a d d i t i o n a l p r o p e r t i e s such a's conservation of of t h e angular momentum vector of t h e n-body problem or time r e v e r s i b i l i t y ; but they r e s t r i c t to a Hamiltonian with t h e form H(p,q) = V(p) + U(q). Their e x p l i c i t expression appears in [ 1 4 ] , f . i . .
Together with t h i s kind.of algorithms, another c l a s s of special i n t e g r a t o r s applying to problems Hamiltonian or not can be found. In 1969 B e t t i s [ 1 ] developed some non-standard methods, obtained a s a modification of c l a s s i c a l difference schemes, to solve numerically perturbed problems and s a t i s f ying t h e requirement t h a t they produce t h e exact s o l u t i o n a f t e r perturbing terms are switched-off i , e , t h e s e special methods i n t e g r a t e c e r t a i n products of an ordinary polynomial and a Fourier polynomial without t r u n c a t i o n e r r o r . The B e t t i s methods are becoming almost c l a s s i c for some u s e r s . They can be handled e a s i l y , s i n c e t h e y do not d i f f e r much from t h e t r a d i t i o n a l m u l t i s t e p o n e s . In f a c t i t s u f f i c e s t o modify c o n v e n i e n t l y t h e l a s t two c o e f f i c i e n t s .
In 1990 an improved v e r s i o n of B e t t i s methods h a s been i n t r o d u c e d by F e r r a n d i z and Novo ( C 3 ] ) , f i t t e d f o r l o n g -t e r m p r e d i c t i o n .
B e s i d e s , some k i n d s of g e o m e t r i c a l l y d e s i g n e d a l g o r i thms can be a p p l i e d t o problems of C e l e s t i a l Mechanics.
In 1987 F e r r a n d i z and P e r e z ( [ 4 ] ) i n t r o d u c e d t h e f i r s t s p h e r ic a l l y e x a c t scheme and t h e n d e v e l o p e d a whole f a m i l y of methods w i t h t h e same p r o p e r t y ( [ 5 ] ) , t h a t i m p l i e s t h a t t h e n u m e r i c a l l y computed p o i n t s of t h e s o l u t i o n c u r v e l y i n g on t h e s p h e r e do remain on i t . That f a c t can be u s e f u l for t h e i n t e g r a t i o n of u n i t a r y v e c t o r s o r , i n o t h e r c a s e s , means t h a t t h e e n e r g y i s p r e s e r v e d . As t h o s e p r e s e n t e d e a r l i e r , t h e s e methods have simple e x p r e s s i o n s so t h e i r i m p l e m e n t a t i o n i s not c o m p l i c a t e d a l t h o u g h t h e y a r e no l o n g e r l i n e a r . They f o l l o w t h e l i n e of t h o s e d e s i g n e d by Lambert and McLeod (L9]). These a l g o r i t h m s a r e of s p e c i a l i n t e r e s t f o r t h e a u t h o r b ec a u s e o u r p r e s e n t work i s being d e v e l o p e d i n t h i s f i e l d . The special c h a r a c t e r i s t i c s of t h e method's force us to use d i f f e r e n t s e t s of v a r i a b l e s . Thus, t h e required form of t h e Hamiltonian for t h e symplectic i n t e g r a t o r s o b l i g e us to use Cartesian c o o r d i n a t e s while for t h e s p h e r i c a l l y exact methods K-S v a r i a b l e s a r e p r e f e r r e d , (see [ 5 ] , [ 6 ] ) . Thus we have two d i f f e r e n t blocks of experiments.
DESCRIPTION OF THE EXPERIMENTS In t h i s s e c t i o n we summarize t h e r e s u l t s of t h e i n t e g r at i o n performed w i t h t h e a l g o r i t h m s mentioned i n t h e former s e c t i o n . Some f i g u r e s a r e i n c l u d e d r e p r e s e n t i n g t h e p o s i t i o n
t . This reference i s a numer i c a l J solution of t h e problem obtained with t h e same integrat o r . It has been selected s a t i s f y i n g strong requirements on conservation of t h r e e independent i n t e g r a l s and s t a b i l i z at i o n of a number of d i g i t s in t h e computed s o l u t i o n s while the s t e p s i z e i s being reduced. Nevertheless, i t s v a l i d i t y has:been assured using other c l a s s i c a l i n t e g r a t o r s , more p r ec i s e l y a Ruhge-Kutta-Felhberg of a d a p t a t i v e s t e p s i z e .
In t h e f i r s t one, t h e two-body problem in Cartesian vari a b l e s has been i n t e g r a t e d by means of two symplectic i n t e gr a t o r s of o r d e r s four and s i x , two p r e d i c t o r -c o r r e c t o r p a i r s in PBCE mode, -e x p l i c i t Adams-Bashforth, implicit Adams-Moult o n -of order four and six and two B e t t i s schemes corresponding to t h e modification of t h e former Adams p a i r s . Notice t h a t , although t h e equations of motion in Cartesian v a r i a b l e s
are not perturbed o s c i l l a t o r s , the a n a l i t i c a l expression of the solution for t h e c i r c u l a r Kepler problem allows to use successfully B e t t i s methods. The r e s u l t s with algorithms of t h e same order a r e compared in f i g u r e s 1 t o 4 . The r e s u l t s of t h e i n t e g r a t i o n of t h e Kepler problem with zero e c c e n t r i c i t y and i n c l i n a t i o n a r e shown in f i g u r e 1 and f i g u r e 3 . In t h e f i r s t one t h e algorithms a r e of order four and in t h e second of order s i x . In t h i s case t h e s t e ps i z e i s fixed corresponding t o 144 s t e p s per r e v o l u t i o n for Adams ( s o l i d ) and B e t t i s (dashed) schemes. For t h e symplect i c one ( d o t t e d ) we have chosen t h e s o l u t i o n t h a t needs t h e same number of e v a l u a t i o n s of t h e function. In f i g u r e s 2 and 4 t h e former problem h a s been p e r t u r bed w i t h J 2 = 0 . 0 0 1 . The r e s t of t h e c o n d i t i o n s a r e t h e same a s d e s c r i b e d i n f i g u r e 1 and 3 , r e s p e c t i v e l y .
F i g u r e s 5 t o 8 show t h e o p p o s i t e of t b e 1 decimal l o g ar i t h m of t h e r e l a t i v e e r r o r i n energy v e r s u s t h e independent v a r i a b l e o v e r a span of 100 r e v o l u t i o n s performed i n t h e four e x p e r i m e n t s d e s c r i b e d a b o v e . As b e f o r e t h e s o l i d g r a p h c o r r e s p o n d s t o Adams, t h e dashed t o B e t t i s and t h e d o t t e d t o t h e s y m p l e c t i c i n t e g r a t o r s .
The second b l o c k of e x p e r i m e n t s c o r r e s p o n d t o t h e Kepl e r problem i n K-S v a r i a b l e s . As i n t h e f i r s t g r o u p , i t h a s been i n t e g r a t e d with p r e d i c t o r -c o r r e c t o r p a i r s i n PECE mode, b o t h a g a i n of Adams t y p e , but t h i s t i m e of o r d e r four and s e v e n . The s p e c i a l a l g o r i t h m s used h e r e a r e s p h e r i c a l l y e xa c t o n e s ( s e e [ 6 ] ) . They a r e n o n -l i n e a r a l g o r i t h m s o b t a i ned by means of a p r o j e c t i o n from t h e Adams. In t h i s s e n s e t h e y a r e s t i l l p r e d i c t o r -c o r r e c t o r p a i r s in PECE mode. 
We do not want t o g i v e h e r e an e x h a u s t i v e s t u d y of t h e behaviour of t h e s e s p e c i a l i n t e g r a t o r s , but o n l y t o show
some e x p e r i m e n t s t h a t make f e a s i b l e t h a t f u r t h e r i n v e s t i g a tion c o u l d p r o d u c e new more i n t e r e s t i n g f r u i t s . More r e s u l t s c o n c e r n i n g e x p e r i m e n t a t i o n w i t h s p h e r i c a l l y e x a c t m e t h o d s can be found i n [ 5] In f i g u r e s 9 and 10 t h e dashed and dotted upper curves represent t h e p o s i t i o n e r r o r for t h e Adams integrator with 16 and 200 p o i n t s per r e v o l u t i o n , r e s p e c t i v e l y . The lower solid graph shows the e r r o r of t h e spheric method for stepsize corresponding to only 16 p o i n t s per r e v o l u t i o n . The r e s u l t s for t h e l a s t one a r e remarkable, since i t performed almost a round-off e r r o r while t h e c l a s s i c Adams algorithm turned out to be highly i n e f f i c i e n t for long s t e p s i z e and not very s a tisfactory with smaller s t e p s . .001mm
FINAL REMARKS The B e t t i s a l g o r i t h m s have proved t o be t h e most e f f i ci e n t of t h e t h r e e methods u s e d t o i n t e g r a t e t h e n e a r l y c i r c ul a r two-body problem i n C a r t e s i a n v a r i a b l e s . A d d i t i o n a l e x p er i m e n t a t i o n c o n f i r m s t h i s a s s e r t a t i o n and shows t h a t t h e y a r e more e f f i c i e n t t h a n t h e Adams a l g o r i t h m s w i t h a l o n g s t e p s i z e , but t h i s a d v a n t a g e i s g r a d u a l l y l o s t when t h e s t e p s i z e i s r educed. T h i s b e h a v i o u r i s due t o t h e way t h e y have been d e r ived, which d e t e r m i n e s t h a t when t h e s t e p s i z e t e n d s t o z e r o t h e modified c o e f f i c i e n t s of B e t t i s t e n d t o t h o s e of Adams. These comments can be e x t e n d e d t o a l l t h e c a s e s where B e t t i s i s a p p l i c a b l e .
The s y m p l e c t i c i n t e g r a t o r s w i t h t h e same c o s t g i v e worse r e s u l t s t h a n t h e l i n e a r schemes. The d i f f e r e n c e between b o t h of them -n o t i c e t h a t t h e e r r o r f o r t h e o r d e r four method, compared with Adams, i s s m a l l e r t h a n t h a t f o r t h e six o r d e r o n e -can be e x p l a i n e d by t h e d i s t i n c t number of e v a l u a t i o n per s t e p t h a t t h e y need. The f i r s t scheme e v a l u a t e s V(p) four t i m e s and U(q) t h r e e t i m e s a s opposed t o t h e t e n and n i n e e v a l u a t i o n s t h a t t h e six o r d e r one r e q u i r e s , which means a high c o s t compared w i t h t h e l i n e a r schemes.
However, t h e e r r o r i n e n e r g y e x h i b i t s a wide o s c i l l a t i o n d u r i n g e a c h r e v o l u t i o n , i n such a way t h a t , i n g e n e r a l , t h e maximal e r r o r s a r e g r e a t e r and t h e minimal o n e s a r e s m a l l e r t h a n t h o s e g i v e n by t h e B e t t i s m e t h o d s . In t h i s c a s e t h e c o ns e r v a t i o n of t h e energy i s not a good c r i t e r i o n f o r t h e e r ro r of p o s i t i o n s i n c e a d e p h a s e can be o b s e r v e d i n t h e i n t e gr a t i o n . T h i s a g r e e s w i t h t h e r e s u l t s of e x p e r i m e n t s shown i n [ 8 ] .
